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ferroelectric and ferroelastic constitutive law for domain switching effects is proposed. The model pre-
sents two internal variables which are the ferroelectric polarization (related to the electric ﬁeld) and
the ferroelastic strain (related to the mechanical stress). An implicit integration technique of the consti-
tutive equations based on the return-mapping algorithm is developed. The mechanical strain tensor and
the electric ﬁeld vector are expressed in a curvilinear coordinate system in order to handle the transverse
isotropy behavior of ferroelectric ceramics. The hexahedral ﬁnite element is implemented into the com-
mercial ﬁnite element code Abaqus via the subroutine user element. Some linear (piezoelectric) and non
linear (ferroelectric and ferroelastic) benchmarks are considered as validation tests.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Piezoelectric ceramics like barium titanate (BaTiO3) and lead
zirconate titanate (PZT), deﬁned as poled ferroelectric ones, play
an important role in advanced sensor and actuator applications
thanks to their well-known piezoelectric coupling effects between
electric and mechanical ﬁelds (Ikeda, 1996). Nowadays, many pie-
zoelectric applications involve severe loadings and complicated
geometries to enhance, for example, the mechanical displacement
of piezoelectric actuators. In this case, the assumption of linear
behavior is no longer sufﬁcient to reliably analyze the stress and
electric ﬁeld states in piezoelectric devices. In fact, when subjected
to high electromechanical loadings, piezoceramics exhibit a non
linear behavior due to ferroelectric and ferroelastic switchings
caused by an electric ﬁeld and a mechanical stress, respectively
(Kamlah and Böhle, 2001; Elhadrouz et al., 2005).
To take into account this non linear behavior, some microscop-
ically motivated material models have been proposed in Chen and
Lynch (1998), Hwang et al. (1998), Kamlah et al. (2005). These
models describe the constitutive behavior of single crystals and
an averaging over a large number of oriented cristallites should
be considered to obtain the polycristalline ceramic behavior. Con-
sequently, a considerable number of internal variables is needed as
switching criterion is written for each crystal of the ceramic.
In order to reduce the number of internal variables, some phe-
nomenological macroscopic models have been proposed. In this
case, a thermodynamically sound model has been proposed inll rights reserved.
.fr (T. Ben Zineb).Bassiouny and Maugin (1988, 1989). The main idea has been the
additive decomposition of the strain and electric polarization into
a reversible part anda remanent part as in thermo–elasto–plasticity.
In this case, the irreversible polarization and the irreversible strain
can be used as internal variables to describe the loading history of
piezoelectric compounds. On the basis of this concept, somemodels
have been developed in Kamlah and Tsakmakis (1999), Cocks
and McMeeking (1999), Kamlah and Böhle (2001), McMeeking and
Landis (2002), Landis (2002), Elhadrouz et al. (2005). In Kamlah and
Tsakmakis (1999, 2001), the irreversible strain tensorwas additively
decomposed into two parts. One remanent part appears due to the
alignment of the domains along the applied electric ﬁeld direction
and the second one is caused by the mechanical stress. A one-to-
one relation between the ﬁrst remanent strain, named ferroelectric
strain, and the irreversible polarization was assumed. This model
is able to simulate all ferroelectric and ferroelastic hysteresis loops
including mechanical depolarization effects shown experimentally
in ferroelectric ceramics. Besides, it was shown in Kamlah and Böhle
(2001) that the proposed model is able to detect the dielectric hys-
teresis and butterﬂy loops ‘‘crushing” occurring under the applica-
tion of a high constant compressive stress as shown in Lynch (1996).
In Elhadrouz et al. (2005), the general assumptions made in
Kamlah and Böhle (2001) were considered. The main originality
concerned the additive decomposition of the remanent polariza-
tion into a ﬁrst part caused by the electric ﬁeld, named ferroelectric
polarization, and a second one caused by the mechanical stress.
The model is also able to predict ferroelectric and ferroelastic hys-
teresis loops as well as the mechanical depolarization. Neverthe-
less, it was not shown whether the model is capable or not to
detect the dielectric hysteresis and butterﬂy ‘‘crushing” under high
compression stresses.
Fig. 1. Equilibrium of a piezoelectric domain B0.
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three-dimensional model has been proposed; it represents a ther-
modynamically consistent free energy function approach that
exhibits full electromechanical coupling. In McMeeking and Landis
(2002), the one-to-one relation between the irreversible strain ten-
sor and the irreversible polarization vector was assumed. The mod-
el without this simpliﬁcation was presented in Landis (2002). It is
capable to represent all hysteresis and butterﬂy loops including
mechanical depolarization effects. Besides, it was shown also that
the proposed model is capable to detect the dielectric hysteresis
and butterﬂy ‘‘crushing” under high compression mechanical
stresses.
To reliably design piezoceramics based-applications, the ﬁnite
element method (FEM) has been considered and some ferroelectric
and ferroelastic ﬁnite elements have been proposed in Elhadrouz
et al. (2006), Klinkel (2006), Zouari et al. (2009). A ferroelectric
classical shell element has been developed in Zouari et al. (2009)
and it has been shown that this type of element can not be used
to study piezoelectric structures dominated by the longitudinal
d33 effect as the thickness variation is not considered in the ele-
ment formulation by adopting the Reissner/Mindlin theory. In
Elhadrouz et al. (2006) and Klinkel (2006), 3D electromechanical
hexahedral 8-noded elements have been developed. The main
advantage of such elements with respect to the shell element
developed in Zouari et al. (2009) is that 3D constitutive laws are
considered and consequently, all electromechanical coupling ef-
fects are included in the formulation.
In this paper, a ferroelectric and ferroelastic macroscopic consti-
tutive law is proposed based on the work of Elhadrouz et al. (2005).
It presents two internal variables which are the ferroelectric polar-
ization and the ferroelastic strain. An enhancement of Elhadrouz
et al.’s model is achieved and it concerns especially, a new descrip-
tion of the mechanical depolarization generally shown in poled
ceramics subjected to a high compressive stress, the use of contin-
uous penalty functions to control the saturations of the remanent
polarization and the remanent strain corresponding to fully
switched domains, and the implicit integration of the constitutive
equations based on the return-mapping algorithm (Simo and
Hughes, 1998). This phenomenological model is implemented
within a 3D electromechanical 8-noded hexahedral element with
mechanical and electrical degrees of freedom, named H8F, into
the Abaqus code via the subroutine user element (UEL). The main
reasons behind the development of this UEL subroutine in Abaqus
are: ﬁrst, Abaqus and practically all standard FE commercial
codes do not propose any non linear electromechanical law to
study piezoelectric structures subjected to high electrical and/or
mechanical loadings; second, it is not possible to implement non
linear electromechanical laws in Abaqus using the user material
subroutine (like for thermomechanical laws) as the electrical de-
gree of freedom (the electric potential) is not taken into account.
To handle the transverse isotropy behavior of piezoceramics, the
mechanical strain tensor and the electric ﬁeld vector are expressed
in a curvilinear coordinate system. This latter formulation is very
practical as it allows the study of highly curved piezoelectric struc-
tures (like the helical piezoelectric actuators, see Chen et al., 2008;
Lee et al., 2010) where the deﬁnition of cylindrical or spherical lo-
cal coordinate systems is sometimes not trivial.
The present article is divided into seven sections. In the following
section, the variational formulation of the electromechanical prob-
lem is brieﬂy recalled. The third section dealswith the local curvilin-
ear coordinate system deﬁnition and the curvilinear strains and
electric ﬁelds expressions. The 3D ferroelectric and ferroelastic con-
stitutive law as well as its local numerical integration are presented
in the fourth section. Section 5 is devoted to the 3D electromechan-
ical curvilinear element presentation and its implementation into
Abaqus. Finally, before the concluding remarks (the seventhsection), two linear piezoelectric, two non linear ferroelectric and
one non linear ferroelastic benchmarks are considered.2. Variational formulation of the electromechanical problem
Consider a piezoelectric domain B0 (Fig. 1) free of body forces
and electric body charges. In the static case, the mechanical and
electric equilibria require that (Ikeda, 1996):
divðrÞ ¼ 0 in B0;
divðDÞ ¼ 0 in B0;

ð1Þ
wherer is themechanical stress tensor andD is the electric displace-
ment vector. Amechanical force Tor adisplacementUmaybeapplied
on oB0, the boundary of B0, which is splitted into oB0r and oB0u so that
oB0 = oB0u
S
oB0r and oB0u
T
oB0r = ;. Besides, the boundary oB0 can
be subjected to a given electric surface charge Q on oB0Q and a given
electric potential V on oB0u so that oB0 = oB0u
S
oB0Q and
oB0u
T
oB0Q = ;. Based on these notations, the boundary conditions
read:
ui ¼ Ui on oB0u;
rijnj ¼ Ti on oB0r;
u ¼ V on oB0u;
Dini ¼ Q on oB0Q ;
8>><
>>: ð2Þ
where ni is the ith component of the normal outward vector to oB0.
The weak form dp of the equilibrium Eq. (1) can be obtained by
introducing the admissible test functions du and du where u and u
are respectively the mechanical displacement vector and the elec-
tric potential of B0. Integrating by parts, then using the divergence
theorem, one can obtain the following weak form:
dp ¼
Z
B0
rijdeijdXþ
Z
B0
DidEidX|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
dW int

Z
oB0
TiduidAþ
Z
oB0
QdudA|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
dWext
2
6664
3
7775 ¼ 0;
ð3Þ
where dWint and dWext are respectively the internal and external
virtual works. The virtual gradient ﬁelds are given by the following
expressions:
de ¼ 12 gradðduÞ þ gradTðduÞ
 
;
dE ¼ graddu;
8<
: ð4Þ
where e and E are respectively the second-order linearized strain
tensor and the electric ﬁeld vector.
In order to handle the transverse isotropy of piezoceramics
ferroelectric and ferroelastic behaviors, the strain tensor and the
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tem. This is detailed in the following section.
3. Gradient ﬁelds
In this section, the linearized strain tensor and the electric ﬁeld
vector are derived in a curvilinear coordinate system. Consider a
3D piezoelectric structure described by three parametric coordi-
nates n, g and f (Fig. 2). At a point p of the structure, one can deﬁne
the covariant vectors:
a1 ¼ X;n; a2 ¼ X;g; a3 ¼ X ;f; ð5Þ
where {X} = {XYZ}T is the cartesian position vector of p. These latter
covariant vectors constitute the covariant basis [Fz] = [a1a2a3]. From
[Fz], one can deduce an orthonormal basis [Q] = [t1 t2 t3] (Fig. 2) to
deﬁne the curvilinear coordinate system (x,y,z). t1, t2 and t3 are de-
ﬁned from [Fz] by (Klinkel and Wagner, 2008):
t1 ¼ a1ka1k ; t2 ¼
a3 ^ a1
ka3 ^ a1k ; t3 ¼ t1 ^ t2: ð6Þ
The covariant basis [Fz] relates the differential vectors
{dX} = {dXdYdZ}T and {dn} = {dndgdf}T via the following relation:
fdXg ¼ ½Fzfdng: ð7Þ3.1. Curvilinear strain tensor
A new matrix [Lz] is deﬁned to relate the differential vector
{dU} = {dUdVdW}T to {dn}:
fdUg ¼ ½Lzfdng; ½Lz ¼ U;n ..
.
U;g ..
.
U;f
 
; ð8Þ
where {U} = {UVW}T is the cartesian mechanical displacement vec-
tor of p. From Eqs. (7) and (8), one can deﬁne the displacement gra-
dient matrix [LX] in the global (cartesian) coordinate system:
fdUg ¼ ½Lz½Fz1|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
½LX 
fdXg: ð9Þ
From Eq. (9) and [Q] = [t1 t2 t3], the transformation matrix between
the global and the curvilinear coordinate systems, the displacementFig. 2. Deﬁnition of covariagradient matrix in the curvilinear basis [Lt] is introduced in order to
determine the curvilinear strain tensor et:
½Lt  ¼ ½Q T ½LX ½Q ; ½et  ¼ 12 ð½Lt þ ½Lt
TÞ; ½et ¼
exx exy exz
eyy eyz
sym ezz
2
64
3
75:
ð10Þ
After introducing the matrix [Cz] = [Fz]1[Q], one can show that the
curvilinear strain components have the following expressions:
exx ¼ Cz11ðt1  U;nÞ þ Cz21ðt1  U;gÞ þ Cz31ðt1  U;fÞ;
eyy ¼ Cz12ðt2  U;nÞ þ Cz22ðt2  U;gÞ þ Cz32ðt2  U;fÞ;
ezz ¼ Cz13ðt3  U;nÞ þ Cz23ðt3  U;gÞ þ Cz33ðt3  U;fÞ
cxy ¼ Cz12ðt1  U;nÞ þ Cz22ðt1  U;gÞ þ Cz32ðt1  U;fÞ
þCz11ðt2  U;nÞ þ Cz21ðt2  U;gÞ þ Cz31ðt2  U;fÞ;
cxz ¼ Cz13ðt1  U;nÞ þ Cz23ðt1  U;gÞ þ Cz33ðt1  U;fÞ
þCz11ðt3  U;nÞ þ Cz21ðt3  U;gÞ þ Cz31ðt3  U;fÞ;
cyz ¼ Cz13ðt2  U;nÞ þ Cz23ðt2  U;gÞ þ Cz33ðt2  U;fÞ
þCz12ðt3  U;nÞ þ Cz22ðt3  U;gÞ þ Cz32ðt3  U;fÞ:
8>>>>>>>><
>>>>>>>>:
ð11Þ
where cxy = 2exy, cxz = 2exz and cyz = 2eyz.
3.2. Curvilinear electric ﬁeld vector
Denote u(n,g,f) the electric potential of the 3D piezoelectric
structure. As the electric ﬁeld is the gradient of the electric poten-
tial, one can show that the curvilinear electric ﬁeld vector is related
to the cartesian one by
Ex
Ey
Ez
8><
>:
9>=
>; ¼ ½Q T
EX
EY
EZ
8><
>:
9>=
>; ¼ ½Q T ½FzT
ou
on
ou
og
ou
of
8>><
>:
9>>=
>;; ð12Þ
and, by using the components of [Cz]:
Ex ¼  Cz11 ouon þ Cz21 ouog þ Cz31 ouof
 
;
Ey ¼  Cz12 ouon þ Cz22 ouog þ Cz32 ouof
 
;
Ez ¼  Cz13 ouon þ Cz23 ouog þ Cz33 ouof
 
:
8>>><
>>:
ð13Þnt and tangent vectors.
Fig. 3. An initially poled ferroelectric ceramic subjected to: (a) a high equi-biaxial tensile stress perpendicular to the polar axis or (b) a high compressive stress parallel to the
polarization direction. (c) Mechanical depolarization of the ceramic caused by ferroelastic switching of domains.
Fig. 4. Graph of the function h.
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of Eq. (3) are derived from the ferroelectric and ferroelastic consti-
tutive equations detailed in the following section.
4. The phenomenological ferroelectric and ferroelastic model
The electric and mechanical states of polycrystalline ferroelectric
ceramics can be describedby two types of variableswhich are the ob-
servablevariables and the internal ones. Theobservablevariables are:
the temperature T, the total strain e and the electric polarization (or
theelectricdisplacement)P (orD). The internalvariablesaregenerally
considered todescribe the ferroelectric ceramicbehaviordependency
on the loading history. As proposed in Bassiouny andMaugin (1988),
Kamlah and Tsakmakis (1999, 2001), McMeeking and Landis (2002),
Elhadrouz et al. (2005), the total mechanical strain e and the electric
polarization P (or D) are additively decomposed in reversible (super-
script el) and remanent (superscript r) parts:
eij ¼ eelij þ erij;
Di ¼ Peli þ Pri :
(
ð14Þ
The macroscopic remanent variables er and Pr should be understood
as averages of the corresponding microscopic quantities (the spon-
taneous polarization and the spontaneous strain of a ferroelectric
domain) (Kamlah and Tsakmakis, 1999).
The reversible strain and polarization, which vanish when the
external electromechanical load is canceled, are supposed to be re-
lated to the stress tensor r and the electric ﬁeld vector E by the
well-known linear piezoelectric constitutive equations (Ikeda,
1996):
rij ¼ CEijkl eelkl  enij En;
Peli ¼ eijk eeljk þ ein En;
(
ð15Þ
CE and e are respectively the fourth-order tensor of elasticity at
constant electric ﬁeld and the second-order tensor of dielectricpermittivity at constant mechanical strain. These latter tensors
are supposed to be isotropic and independent of the loading history
(remain constants) as proposed in Kamlah and Böhle (2001),
Elhadrouz et al. (2005). The third-order converse piezoelectric
tensor e is related to the direct piezoelectric tensor d by the
elasticity tensor (Ikeda, 1996):
eikl ¼ CEklmndimn: ð16Þ
The direct (strain) piezoelectric tensor d is supposed to be directly
related to the remanent polarization Pr as in Kamlah and Böhle
(2001), McMeeking and Landis (2002), Elhadrouz et al. (2005):
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rk
Psat
d33e
p
i e
p
j e
p
k þ d31 djk  epj epk
 
epi þ
d15
2
dij  epi epj
 
epk
h
þ dik  epi epk
 	
epj
i

; ð17Þ
where d33, d31 and d15 are the well known piezoelectric coefﬁcients
of polarized ceramics (Ikeda, 1996), ep = Pr/kPrk is the polarization
direction and Psat is the maximum remanent polarization. The latter
relation (17) is justiﬁed by the experimental work of Lynch (1996)
which has shown that the piezoelectric coefﬁcients values depend
on the magnitude of the remanent polarization and in a fully poled
state (kPrk = Psat), a transversely isotropic behavior is found where
the axis of anisotropy coincides with the polarization direction ep.
Combining Eqs. (14) and (15), one can write the instantaneous
constitutive laws governing a ferroelectric domain as follows:
rij ¼ CEijkl ðekl  erklÞ  enij En;
Di ¼ eikl ekl  erkl
 	þ ein En þ Pri ;
(
ð18Þ
Additional decompositions of the remanent quantities can be con-
sidered. In this case, it is distinguished between the ferroelectric
polarization Pe and the mechanical depolarization Pr:
Pr ¼ Pe þ Pr: ð19Þ
The ferroelectric polarization is related to the domain switching in-
duced by an electric ﬁeld and Pr appears due to the ferroelastic do-
main switching caused by the mechanical stress. The alignment of
domains (inside a polycrystalline ferroelectric ceramic) in the elec-
tric ﬁeld direction (during a poling process) results in a remanent
polarisation Pe and a ferroelectric strain denoted ee. This latter
quantity can be directly related to the ferroelectric polarization as
proposed by Cao and Evans (1993) and adopted by Kamlah and
Böhle (2001), Elhadrouz et al. (2005):
ee ¼ 3
2
esat
kPek
Psat
ep  ep  1
3
d
 
; ð20Þ
where esat is the maximum remanent strain and d is the second-or-
der Kronecker tensor. Since domain switching produces no volume
change, one can remark that the ferroelectric strain (Eq. (20)) is
purely deviatoric.
Domain switching can also be induced by a mechanical stress.
For an initially unpoled ferroelectric ceramic subjected to a
mechanical load, it is possible to obtain a ferroelastic irreversible
strain while the macroscopic polarization remains unchanged.
Therefore, one should consider also a ferroelastic contribution ef
to the remanent strain. Consequently, this latter quantity consists
of a superposition of ee and ef as adopted in Kamlah and Böhle
(2001), Elhadrouz et al. (2005):
er ¼ ee þ ef : ð21Þ
The mechanical depolarization Pr is assumed to appear when the
poled ceramic is subjected to a high compressive stress along the
polar axis or an equi-biaxial tension perpendicular to the polariza-
tion direction as illustrated by Fig. 3 (Kamlah and Böhle, 2001). This
remanent polarization is the result of ferroelastic switching which
decreases the number of domains having a polarization parallel to
the initial remanent polarization. The ferroelectric domains newly
formed in the transverse directions do not contribute to a new
transverse remanent polarization due to the randomness of the fer-
roelastic switching. Consequently, a simple linear relationship be-
tween Pr and ef can be written (Elhadrouz et al., 2005):
Pr ¼ s P
sat
esat
ef  ep0  h 
3
2
ep0  s  ep0
 
; ð22Þ
where s is a material parameter quantifying the mechanical depo-
larization degree in the ferroelectric ceramic (s = 0.5 in Elhadrouzet al., 2005), ep0 ¼ Pr0=kPr0k is the initial polarization direction, s is
the stress deviator tensor, h is a scalar function that takes one when
3
2 e
p
0  s  ep0 < 0 and zero in the opposite case. h is given by the follow-
ing expression:
hðxÞ ¼ 1
2
1þ tanhðkxÞð Þ: ð23Þ
As shown in Fig. 4, k is the numerical parameter of h controlling the
speed of transition between 0 and 1.
In summary, the model presents two internal variables which
are the ferroelectric polarization Pe and the ferroelastic strain ef.
So it is necessary to deﬁne the evolution laws of these variables.
4.1. Ferroelectric and ferroelastic loading surfaces
The ferroelectric behavior originates from the switching of uni-
formly polarized domains when the electric ﬁeld reaches a critical
value (the coercive ﬁeld) while the ferroelastic behavior appears
when the mechanical stress reaches a certain threshold known as
the coercive stress. So, two electric and mechanical switching func-
tions (fe and fr, respectively) are introduced to indicate the onsets
of ferroelectric and ferroelastic domain switchings as adopted in
Kamlah and Böhle (2001), Elhadrouz et al. (2005):
f e ¼ kE Xek  Ec ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ei  Xei
 	
Ei  Xei
 	q  Ec ¼ 0; ð24Þ
f r ¼ k3
2
s Xr
 
k  r^c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
sij  Xrij
 
sij  Xrij
 r
 r^c ¼ 0; ð25Þ
where Xe is equivalent to a kinematic hardening vector, Ec is the
coercive electric ﬁeld, Xr is equivalent to a kinematic hardening
tensor and r^c is the coercive stress. r^c depends on the applied elec-
tric ﬁeld adding an isotropic hardening to the ferroelastic behavior
resulting in a uniform expansion of the loading surface fr = 0. This
isotropic hardening has been highlighted by Schäufele and Härdtl
(1996) by performing mechanical compressive tests (parallel to
the polar axis) on poled PZT ceramics and superposing a positive
electric ﬁeld (in the same direction as the initial polarization). They
have shown that the coercive stress increases linearly with the ap-
plied electric ﬁeld. Besides, by performing also compressive tests on
poled ceramics, Chaplya and Carman (2002) have shown that the
coercive stress becomes near zero when they have superposed a
negative electric ﬁeld with an amplitude near Ec. So, in order to take
into account all these observations, the following expression of r^c is
considered:
r^c ¼ rc þ dE  ep0  h ep0  r  ep0
 D E
; ð26Þ
where
hxi ¼ 0 if x 6 0;
x if xP 0;

ð27Þ
rc is the coercive stress in the absence of an electric ﬁeld, d is a po-
sitive material parameter which determines the inﬂuence of the ap-
plied electric ﬁeld on the coercive stress and h is the numerical
function deﬁned in Eq. (23). The expression of r^c can be rewritten
using h by noting that < x >  x h(x).
Thermodynamic considerations (Bassiouny and Maugin, 1988,
1989) show that ferroelectricity and ferroelasticity involve instan-
taneous dissipations. In this case, the ferroelectric and ferroelastic
loading surfaces (fe and fr, respectively) can be chosen as potential
functions from which the evolution of the internal variables Pe and
ef are derived. The normality rules provide the following
evolution laws of the ferroelectric polarization and the ferroelastic
strain:
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e ¼ _ke of
e
oE
; _ef ¼ _kr of
r
or
; ð28Þ
where ke and kr are respectively the ferroelectric and ferroelastic
multipliers determined by the consistency conditions _f e ¼ 0 and
_f r ¼ 0. To control the saturations of the remanent polarization
(0 6 kPrk 6 Psat) and the remanent strain (0 6
ﬃﬃ
2
3
q
kerk 6 esat) which
characterize the fully switched ferroelectric and ferroelastic domain
states, the following expressions of Xe and Xr are considered:
Xe ¼ bPe 1þg1 Preq
  
; g1 P
r
eq
 
¼a1 exp
PreqPsat
c1P
sat þ1
 !
; Preq ¼kPrk; ð29Þ
Xr ¼ cef 1þ g2ðereqÞ
 
; g2 ereq
 
¼ a2 exp
ereq  esat
c2 esat
þ 1
 
;
ereq ¼
ﬃﬃﬃ
2
3
r
kerk; ð30Þ
where b and c are material constants, a1 and c1 are the numerical
parameters of thepenalty function g1, anda2 and c2 are thenumerical
parameters of the penalty function g2. g1 and g2 are two continuous
functionswhich take important valueswhenPreq and ereq are very close
to Psat and esat, respectively, corresponding to fully switched domains
conﬁguration.
The above adopted electrical saturation condition
0 6 kPe + Prk 6 Psat neglects the fact that the ferroelectric polariza-
tion can not attain the level of Psat if the ferroelectric sample is sub-
jected also to a compressive remanent strain. Hence, the saturation
condition 0 6 kPek + kPrk 6 Psat could be considered to take into ac-
count this constraint.
4.2. Numerical integration of the constitutive equations
4.2.1. The adopted resolution method
The ferroelectric and ferroelastic model has to be solved for
each electromechanical loading increment in order to determine
the internal variables increments. For the integration of the differ-
ential equations, the loading interval [tn, tn+1] is considered. All
quantities at tn, tn+1 are denoted with the index n and n + 1, respec-
tively. It is assumed that the local state of the ferroelectric struc-
ture at t = tn is completely known (the internal variables Pen and
efn are known). The return-mapping method (Simo and Hughes,
1998) is adopted to determine the increment of the internal vari-
ables (denoted DPe and Def) due to the electromechanical loading
increments (De and DE).
The constitutive laws (18), the normality rules (28), and the
consistency conditions (fr = 0 and fe = 0, Eqs. (24) and (25)) are
assembled in a residual system with a unique form F(X,Y) = 0. X
is the vector containing the unknown variables which are the
stress tensor components (rij), the electric displacement vector
components (Di), the ferroelectric polarization components ðPei Þ,
the ferroelastic strain tensor components ðefijÞ, the ferroelectric
and ferroelastic multipliers (ke and kr). Y is the driving vector con-
taining the total strain tensor and the electric ﬁeld vector compo-
nents (eij and Ei).
Suppose that the residual system is balanced at t = tn:
F(Xn,Yn) = 0. If Y is modiﬁed by an increment DY then the system
is no longer balanced (F(Xn,Yn +DY)– 0). In this case, an increment
DX should be found to balance again the residual system:
F(Xn + DX,Yn +DY)  0. This can be achieved by the Newton–
Raphson method as follows:
1. The residual system is supposed to be balanced at t = tn:
F(Xn,Yn) = 0;
2. The system is unbalanced by an increment DY. So an increment
DX should be determined to have F(Xn + DX,Yn +DY)? 0;3. Newton–Raphson approximation at the iteration (i + 1):F Xn þ DXðiÞ;Yn þ DY
 	þ ½JX   dDXðiþ1Þ  0; ½JX  ¼ oFoDX

XnþDXðiÞ ;YnþDY
;
ð31Þ
4. Determination of the correction dDX(i+1) by a simple inversion
of the linearized relation (31):dDXðiþ1Þ ¼ ½JX 1  F Xn þ DXðiÞ;Yn þ DY
 	 ð32Þ
5. Update of the increment:DXðiþ1Þ ¼ DXðiÞ þ dDXðiþ1Þ; ð33Þ
6. Return to step 2 while F(Xn + DX(i+1), Yn + DY)– 0.
4.2.2. Consistent electromechanical tangent modulus
As detailed in Section 5, the solution of the electromechanical
problem (Eq. (3)) can be obtained by the ﬁnite element method
(FEM). This type of resolution needs the deﬁnition of the electro-
mechanical consistent tangent modulus. In this case, one should
deﬁne the following tangent modulus:
oDrij
oDekl
;
oDrij
oDEk
;
oDDi
oDekl
;
oDDi
oDEk
: ð34Þ
The determination of a tangent modulus consistent with the
adopted implicit integration method is quite straightforward. In
fact, it can be found by the analysis of an inﬁnitesimal perturbation
of the equilibrium at the end of increment. Let’s impose a small per-
turbation dDY of the vector Y which modiﬁes linearly the unknown
variables vector with dDX respecting always the equilibrium:
F Xn þ DX|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
Xnþ1
þdDX;Yn þ DY|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
Ynþ1
þdDY
0
B@
1
CA  0; ð35Þ
By developing this latter relation around Xn+1 and Yn+1, one should
obtain:
F Xnþ1;Ynþ1ð Þ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
0
þ oF
oDX
jXnþ1 ;Ynþ1|ﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
½JX 
dDX þ oF
oDY
jXnþ1 ;Ynþ1|ﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
½JY 
dDY  0; ð36Þ
and
dDX
dDY
¼ ½JX 1 ½JY ; ð37Þ
[JX] is the last Jacobian matrix determined to solve the residual sys-
tem and [JY] contains the derivatives of the residual vector F with
respect to the variables of Y. Finally, the electromechanical consis-
tent tangent modulus components are found in the matrix [dDX/
dDY].
4.2.3. Integration of the ferroelectric and ferroelastic law
The return-mapping algorithm (Simo and Hughes, 1998) is
based on a prediction/correction method. At the end of increment
(t = tn+1), the mechanical and electric predictions consist in freezing
the ferroelastic and ferroelectric ﬂows, respectively:
f e prednþ1 ¼ Enþ1  Xe prednþ1
  Ec;
f r prednþ1 ¼
3
2
sprednþ1  Xr prednþ1
 
 r^predcjnþ1;
with
Xe prednþ1 ¼ bPen; Xr prednþ1 ¼ cefn; spredijjnþ1 ¼ deviator rprednþ1
 
; ð38Þ
rprednþ1 ¼ rn þ Drpred; Drpredij ¼ CEijklDekl  ekijjnDEk; ð39Þ
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r^predcjnþ1 ¼ rc þ dEnþ1  epn  h epn  rprednþ1  epn
 D E
: ð40Þ
Depending on the signs of f e prednþ1 and f
r pred
nþ1 , four possible behaviors
can exist:
 if f e prednþ1 6 0 and f r prednþ1 6 0 then DPe = 0 and Def = 0: piezoelec-
tric reversible behavior;
 if f e prednþ1 > 0 and f r prednþ1 6 0 then DPe– 0 and Def = 0: non linear
ferroelectric behavior;
 if f e prednþ1 6 0 and f r prednþ1 > 0 then DPe = 0 and Def– 0: non linear
ferroelastic behavior;
 if f e prednþ1 > 0 and f r prednþ1 > 0 then DPe– 0 and Def– 0: non linear
coupled ferroelectric and ferroelastic behavior.
For the last case (coupled ferroelectric and ferroelastic behav-
ior), for example, it is necessary to determine the ferroelectric
polarization and the ferroelastic strain increments to fulﬁl the elec-
tric and mechanical consistency conditions at the end of increment
(f enþ1 ¼ 0 and f rnþ1 ¼ 0). In this case, to determine the unknown vari-
ables Dr, DD, DPe, Def, Dke and Dkr, the following residual system
should be solved:
Rrij ¼ rijjnþ1  CEijkl ekljnþ1  eekljnþ1  efkljnþ1
 
þekijjnþ1Ekjnþ1;
RDi ¼ Dijnþ1  eikljnþ1 ekljnþ1  eekljnþ1  efkljnþ1
 
eikEkjnþ1  Prijn  DPei  DPri ;
Rei ¼ DPei  Dke
Eijnþ1Xeijnþ1
kEnþ1Xenþ1k
;
Rfij ¼ Defij 
ﬃﬃ
3
2
q
Dkr
sijjnþ1Xrijjnþ1
ksnþ1Xrnþ1k
;
Rf
e ¼ kEnþ1  Xenþ1k  Ec;
Rf
r ¼
ﬃﬃ
3
2
q
ksnþ1  Xrnþ1k  r^cjnþ1:
8>>>>>>>>>>><
>>>>>>>>>>>>:
ð41Þ
The ﬁrst two equations of the system (41) correspond to the ferro-
electric and ferroelastic constitutive laws at the end of increment,
the third and fourth relations correspond to the implicit integra-
tions of the ferroelectric and ferroelastic normality rules (Eq.
(28)), the ﬁfth and sixth equations correspond to the electric and
mechanical consistency conditions at the end of increment.Fig. 5. The 3D electromechanicalLet’s introduce
fDXg¼ Dr11 Dr12  Dr33 ..
.
DD1 DD2 DD3 ..
.
DPe1 DP
e
2 DP
e
3
..
.
Def11 De
f
12  Def33 ..
.
Dke Dkr
 
T
ð42Þ
the vector of unknown variables and
fDYg ¼ De11 De12   De33 ..
.
DE1 DE2 DE3
 
T
ð43Þ
the driving vector containing the increment of the generalized
strains. From the system (41), the residue vector F can be deﬁned as
fFg¼ Rr11 Rr12   Rr33 ..
.
RD1 R
D
2 R
D
3
..
.
Re1 R
e
2 R
e
3
..
.
Rf11 R
f
12   Rf33 ..
.
Rf
e
Rf
r
 
T
: ð44Þ
The Jacobian matrices [JX] and [JY] contain the derivatives of
Rr;RD;Re;Rf ;Rf
e
and Rf
r
with respect to the unknown variables of
DX and the driving variables of DY, respectively.
At this stage, the whole equations corresponding to the ferro-
electric and ferroelastic behaviors of piezoelectric structures are
deﬁned in their weak form (Eq. (3)). These equations are generally
solved by the ﬁnite element method. The next section describes
this resolution by implementing a 3D electromechanical 8-noded
hexahedral element in the Abaqus commercial code.
5. Finite element approximation
The solution of the electromechanical problem (Eq. (3)) can be
obtained by the ﬁnite element method. The ﬁnite element approx-
imation is constructed by dividing the piezoelectric domain B0 into
elementary domains so that B0 ¼
Sn¼nel
n¼1 Be where nel is the total
number of elements. In order to study the ferroelectric and ferro-
elastic behaviors of general piezoelectric structures, a 3D electro-
mechanical hexahedral element (Fig. 5) is developed and
implemented in Abaqus code via the user element (UEL) subrou-
tine. The proposed 3D element, named H8F, is an eight-node hexa-
hedral element with mechanical and electric degrees of freedom.
The trilinear shape function at node i is given as
Niðn;g; fÞ ¼ 18 ð1þ ninÞð1þ gigÞð1þ fifÞ with
 1 6 n;g; f 6 þ1: ð45Þ
By means of the isoparametric concept, the shape functions (Eq.
(45)) interpolate at the element level (superscript e) the cartesian8-noded hexahedral element.
Fig. 6. Resolution of the electromechanical problem in Abaqus using UEL subroutine.
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vector Ue(n,g,f) and the electric potential ue(n,g,f). Hence, the fol-
lowing approximations are used:
Xeðn;g; fÞ ¼P8
i¼1
Niðn;g; fÞXi; fXig ¼ fXi Yi ZigT ;
Ueðn;g; fÞ ¼P8
i¼1
Niðn;g; fÞUi; fUig ¼ fUi Vi WigT ;
ueðn;g; fÞ ¼P8
i¼1
Niðn;g; fÞui;
8>>>>><
>>>>:
ð46Þ
where Xi;Ui and ui are respectively the cartesian position vector,
the mechanical displacement vector and the electric potential of
node i. The electromechanical nodal degrees of freedom vector at
the element level contains the nodal mechanical displacements
and potentials so that it reads as
fdeg ¼ . . . j Ui Vi Wi ..
.
ui j . . . i ¼ 1;8
 
T
ð47Þ
Using the approximations (46), the curvilinear strain components of
H8F (system (11)) are expressed in terms of the mechanical degrees
of freedom as
exx ¼ Cz11Ni;n þ Cz21Ni;g þ Cz31Ni;f
 	
t1  Ui;
eyy ¼ Cz12Ni;n þ Cz22Ni;g þ Cz32Ni;f
 	
t2  Ui;
ezz ¼ Cz13Ni;n þ Cz23Ni;g þ Cz33Ni;f
 	
t3  Ui;
cxy ¼ Cz12Ni;n þ Cz22Ni;g þ Cz32Ni;f
 	
t1  Ui
þ Cz11Ni;n þ Cz21Ni;g þ Cz31Ni;f
 	
t2  Ui;
cxz ¼ Cz13Ni;n þ Cz23Ni;g þ Cz33Ni;f
 	
t1  Ui
þ Cz11Ni;n þ Cz21Ni;g þ Cz31Ni;f
 	
t3  Ui;
cyz ¼ Cz13Ni;n þ Cz23Ni;g þ Cz33Ni;f
 	
t2  Ui
þ Cz12Ni;n þ Cz22Ni;g þ Cz32Ni;f
 	
t3  Ui:
8>>>>>>>>><
>>>>>>>>>:
ð48Þ
Using expressions (13) and approximations (46), the electric ﬁeld
vector curvilinear components of H8F can be expressed in terms
of the electric degrees of freedom asEx ¼  Cz11Ni;n þ Cz21Ni;g þ Cz31Ni;f
 	
ui;
Ey ¼  Cz12Ni;n þ Cz22Ni;g þ Cz32Ni;f
 	
ui;
Ez ¼  Cz13Ni;n þ Cz23Ni;g þ Cz33Ni;f
 	
ui;
8><
>: ð49Þ
Using systems (48) and (49), one can show that the elementary gen-
eralized curvilinear strain vector {C} = {e11e22e332e122e132e23E1
E2E3}T (1 	 x,2 	 y,3 	 z) can be related to the electromechanical
nodal degrees of freedom vector de via a (9  32)-sized [B] matrix:
fCg ¼ ½Bfdeg with ½B|{z}
932
¼
½Bm|{z}
632
½Be|{z}
332
;
2
6664
3
7775 ð50Þ
where [Bm] and [Be] are respectively two matrices relating the cur-
vilinear mechanical strains and the curvilinear electric ﬁelds to the
electromechanical degrees of freedom vector of H8F.
At the element level, the weak form of the electromechanical
equilibrium is written as
dpe ¼
Z
Be
rijdeijdXþ
Z
Be
DidEidX|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
dWeint

Z
oBe
TiduidAþ
Z
oBe
QdudA|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
dWeext
2
66664
3
77775:
ð51Þ
Substituting Eq. (50) in the elementary weak form (51), the latter
can be rewritten in the following form:
dpe ¼ fddegT

Z
Be
½BTfRgdX
Z
oBe
½N1TfTgdA
Z
oBe
fN2gTQdA
 
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
fReg
; ð52Þ
where {R} = {r11r22r33r12r13r23D1D2D3}T is the curvilinear gen-
eralized stress vector, [N1] is a (3  32)-sized matrix relating the
mechanical displacement vector {U} = {UVW}T to the nodal degrees
Fig. 7. The piezoelectric semi-cylinder.
Table 1
Elastic (MPa), piezoelectric (pC/mm2) and dielectric (pC/
GV mm) properties of PZT-5H.
CE11 ¼ 127:205 103 e31=  6.62  10
6
CE12 ¼ 80:212 103 e33=23.24  10
6
CE13 ¼ 84:670 103 e15=17.03  10
6
CE33 ¼ 117:436 103 
e
11=15.05  109
CE66 ¼ 23:474 103 
e
33=13.01  109
CE44 ¼ 22:988 103
Fig. 8. Deformation of the piezoelectric semi-cylinder actuator simulated by
C3D20E.
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tial u to de. Re is the residual vector at the element level.
After assembly over all elements, one obtains dp ¼ Anele¼1dpe, the
residual vector R ¼ Anele¼1Re and the electromechanical nodal de-
grees of freedom vector of all elements d ¼ Anele¼1de in the global
coordinate system. A is the standard ﬁnite element assembly oper-
ator (Simo and Hughes, 1998). Due to the nonlinearity of the pro-
posed constitutive model, the problem of ﬁnding the nodal degrees
of freedom vector d for which R(d)  0 is solved by an incremental
solution procedure as detailed in Zouari et al. (2009).
5.1. Implementation in Abaqus
The isoparametric ferroelectric and ferroelastic 3D curvilinear
element is implemented into Abaqus using the UEL subroutine
(ABAQUS, 2007). We depict in Fig. 6 the general resolution scheme
of the electromechanical problem in Abaqus via UEL. At the ele-
ment level, one should:
1. ﬁrst, construct the elementary stiffness matrix at the end of
increment in the global (cartesian) coordinate system:kenþ1
  ¼ Z
Be
½BT oDR
oDC
 
½BdV ð53Þ
where [oDR/oDC] is the electromechanical consistent tangent
modulus. This matrix is stored in the predeﬁned matrix AMATRX
of Abaqus;2. second, compute the elementary residual vector at the end of
increment Renþ1 ¼ Reðdenþ1Þ in the global coordinate system.
This vector is stored in the predeﬁned residual vector RHS of
Abaqus.
In order to validate the electromechanical 3D element formula-
tion, two linear piezoelectric, two non linear ferroelectric and one
non linear ferroelastic benchmarks are presented in the following
section.
Fig. 9. The normalized displacement of point A for the actuator benchmark.
Fig. 10. The normalized displacement of point A for the sensor benchmark.
Fig. 11. The normalized electric potential of point B for the sensor benchmark.
Fig. 12. The normalized electric potential of point B for the sensor benchmark (use
of four elements across the thickness).
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6.1. Piezoelectric benchmarks
In this section, two piezoelectric tests are studied in order to en-
sure the electromechanical coupling representation of the pro-
posed 3D hexahedral element. A piezoelectric ceramic is deﬁned
as a completely poled ferroelectric material (kPrk = Psat). It is sup-
posed that the electric ﬁeld remains small enough to avoid the
polarization switching.6.1.1. The piezoelectric semi-cylinder
6.1.1.1. The actuator benchmark. In this section, we consider a canti-
levered piezoelectric semi-cylinder (Fig. 7) poled across the thick-
ness and subjected to a radial electric potential difference. The
geometric properties of this semi-cylinder are: Rm = 15 mm (the
mean radius), h = 1 mm (the thickness), and b = 5 mm (the width).
Its material properties are those of PZT-5H summarized in Table 1
where the default units used for length, force, stress, charge, electric
displacement and electric potential are taken to be, respectively,mm, N, N/mm2, pC (1012 C), pC/mm2 and GV (109 V). This unit set
is considered to prevent an eventual numerical locking related to
the high ratio between mechanical and electrical material parame-
ters. While the internal electrode is grounded, the external one is
subjected to an electric potential equal to 107 GV. The application
of a radial electric ﬁeld induces an important tangential displace-
ment of the actuator’s tip (Fig. 8) due to the slight gradient of the dis-
placementacross the thickness, causedby the longitudinal effectd33,
that creates bending stresses and section rotations. One reference
solution of the actuator’s tip tangential displacement is obtained
by considering a reﬁned mesh of the Abaqus 20-noded piezoelec-
tric hexahedral element C3D20E (ABAQUS, 2007) constituted of
100 elements along the circumference, 10 elements along thewidth
and four elements across the thickness: UrefA ¼ 2:756 103 mm.
The normalized tangential displacement of point A (Fig. 7) found
with the elements H8F, C3D8E (the Abaqus 8-noded piezoelectric
hexahedral element, ABAQUS (2007)) and C3D20E is shown in
Fig. 9 for the regularmeshes 8  1  2 (eight elements along the cir-
cumference, one element along the width and two elements across
the thickness), 16  2  2, 32  4  2 and 64  8  2. The use of
Fig. 13. The helical-shaped actuator.
Fig. 14. Axial and tangential displacements of nodes A, B, C, D, E and F of the helical
actuator.
Fig. 15. The inhomogeneous distribution of the ra
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the thickness variation especially for the ﬁrst-order elements H8F
and C3D8E.
We remark that H8F results are very close to those of C3D8E.
For C3D8E and C3D20E, a local cylindrical coordinate system
should be deﬁned as the semi-cylinder is poled radially. For H8F,
there is no need to deﬁne a such local coordinate system thanks
to its curvilinear formulation. Besides, as it is expected, the conver-
gence of C3D8E and H8F to the reference solution is relatively slow
compared to the C3D20E solution.6.1.1.2. The sensor benchmark. In this example, the semi-cylinder of
Fig. 7 is used as a sensor. The internal and external electrodes are
now grounded and the end side is subjected to a distributed
mechanical load equal to 103 N/mm2. The tangential displace-
ment of point A in addition to the electric potential of point B
(Fig. 7) are calculated using H8F, C3D8E and C3D20E. Reference
solutions are found considering the same ﬁne mesh of C3D20E as
the actuator benchmark: UrefA ¼ 2:6512 103 mm and
urefB ¼ 1:9951 1010 GV. Figs. 10 and 11 show respectively the
normalized tangential displacement of A and the normalizeddial electric ﬁeld inside the helical actuator.
Fig. 16. Boundary and loading conditions of the ferroelectric cube.
Table 2
Material parameters of the ferroelectric cube.
Young’s modulus E (MPa) 8  104
Poisson’s ratio m 0.35
Coercive stress rc (MPa) 50
Saturation strain esat 2  103
Coercive ﬁeld Ec (GV/mm) 106
Saturation polarization Psat (pC/mm2) 0.3  106
d33 (mm/GV) 3.5  102
d31 (mm/GV) 1.4  102
d15 (mm/GV) 5.2  102
b (GV mm/pC) 2  1012
c (MPa) 5  103
Dielectric constant  (pC/GV mm) 1.5  1010
s 0.45
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meshes as the actuator benchmark.
We remark that H8F results agree with those of C3D8E for the
normalized longitudinal displacement of A as depicted in Fig. 10
but present a slight difference from C3D8E results for the normal-
ized electric potential of B as shown in Fig. 11. Moreover, we note
that, for the normalized electric potential of point B, H8F and
C3D8E responses diverge from the reference solution when the
mesh is reﬁned. This is due to the fact that only two ﬁrst-order ele-
ments are considered across the thickness which affect the result
accuracy. Hence, more ﬁrst-order elements are needed across theFig. 17. Electrical loading history ofthickness to converge to the reference solution. This is conﬁrmed
by the results of Fig. 12 where four ﬁrst-order elements are consid-
ered across the thickness.
6.1.2. The helical piezoelectric actuator
In order to enlarge ﬁeld-induced displacement, helical-shaped
piezoelectric actuators are designed and prototyped in Chen et al.
(2008), Lee et al. (2010). The application of an electric ﬁeld across
the helical actuator’s thickness induces both tangential and axial
displacements of the actuator’s tip, the former being larger than
the latter. Consider in the following the helical actuator shown in
Fig. 13. This actuator is poled across the thickness and a radial elec-
tric potential difference is applied (the internal face is grounded
while the external one is subjected to 107 GV). The dimensions
of this actuator are: length (L) of 80 mm, wall thickness (h) of
2 mm, outer diameter of 7 mm and 5 turns. Its material properties
are those of PZT-5H summarized in Table 1.
Numerical simulations on this helical actuator were carried out
considering a reﬁned mesh of C3D8E, C3D20E and H8F as shown in
Fig. 13 (15300 elements with three elements across the thickness).
The simulations with C3D8E and C3D20E were not straightforward
compared to H8F due to the helical form of the actuator that renders
the deﬁnition of local coordinate systems relatively difﬁcult in this
case. However, the curvilinear formulation of H8F allows the
simulation of a such complex geometry readily since the deﬁnition
of local coordinate systems is integrated in the element formulation.the ferroelectric cube free face.
Fig. 18. (a) Dielectric hysteresis. (b) Dielectric hysteresis computed by three sets of
increments.
Fig. 19. (a) Butterﬂy hysteresis. (b) Butterﬂy hysteresis computed by three sets of
increments.
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placements of points A, B, C, D, E and F of the actuator, deﬁned in
Fig. 13. We remark that H8F results agree well with those of
C3D8E and C3D20E. Besides, both axial and tangential displace-
ments are found to increase linearly with the number of turns.
For H8F, the tangential displacement of node F is found to be
3.45 times the axial one.
The important tangential displacement of the actuator’s tip is
related to the heterogeneous distribution of the radial electric ﬁeld
inside the helical actuator as shown in Fig. 15. In fact, this latter
distribution leads to a slight gradient of the displacement across
the thickness, due to the longitudinal piezoelectric coefﬁcient d33,
that creates bending stresses and segment rotations as for the pie-
zoelectric semi-cylinder.6.2. Ferroelectric and ferroelastic benchmarks
In this section, we present some results corresponding to the
general ferroelectric and ferroelastic hysteresis which appear when
piezoceramics are subjected to high electric and/or mechanical
loads. The main objective is to validate the implicit integration of
the ferroelectric and ferroelastic law. Then, in order to ensure the
interface of the 3D non linear model with the developed curvilin-
ear hexahedral element, two ferroelectric and one ferroelastic
problems are studied: the ﬁrst concerns the poling process of a fer-
roelectric plate presenting a geometrical defect (a plate with a cir-
cular hole), the second ferroelectric problem deals with the poling
process of a ferroelectric tube, and the ferroelastic problem is de-
voted to the mechanical depolarization of an initially poled ferro-
electric beam.
Fig. 20. Dielectric hysteresis under compression stress.
Fig. 21. Butterﬂy hysteresis under compression stress.
Fig. 22. Mechanical loading history of the ferroelectric cube free face.
Fig. 23. (a) Ferroelastic hysteresis. (b) Ferroelastic hysteresis computed by three
sets of increments.
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A ferroelectric cube with a side L = 2 mm is subjected to an elec-
tric potential u and/or a mechanical loading F. Fig. 16 shows the
cube as well as the mechanical and electrical boundary conditions.
The material parameters of the cube are those considered in
Kamlah and Böhle (2001) and are summarized in Table 2.
In the ﬁrst load case, an electric potential is applied to the free
face of the cube located at Z = L. The electric potential variation in
time is depicted in Fig. 17. The well known dielectric (Fig. 18(a) and
(b)) and butterﬂy (Fig. 19(a) and (b)) hysteresis inherent to ferro-
electric ceramics are shown. As depicted in Figs. 18 and 19(b),
three sets of increments are considered in the simulation (500,
100 and 20 increments) to verify that the result does not depend
on the number of increments as the consistency conditions are ful-
ﬁlled at the end of increment with an implicit integration scheme.
Fig. 24. Electrical and mechanical loading histories considered in the mechanical depolarization test.
Fig. 25. Poling process before mechanical depolarization.
Fig. 26. Mechanical depolarization.
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esis under different levels of compressive stress. We remark that
with the actual version of the model, we can not capture the
important decrease of the mechanical strain with an important
compression stress as shown experimentally in Lynch (1996).
In the second load case, a force F is applied to the ferroelectric
cube free face. The mechanical loading variation in time is shown
in Fig. 22. Fig. 23(a) and (b) show the ferroelastic hysteresis ob-
tained when the isotropic Von Mises criterion is considered. It is
similar to the hysteresis found in plasticity with a saturation of
the ferroelastic strain corresponding to fully switched domains.
Here also, three sets of increments are considered in the simulation
(500, 100 and 20 increments) as depicted in Fig. 23(b).
Furthermore, it is interesting to consider the case of mechanical
depolarization which has been experimentally highlighted by com-
pressive tests applied along the polar axis on initially poled ceram-
ics. Fig. 24 shows the electrical and mechanical loading histories of
the ferroelectric cube free face. As depicted in Fig. 25, the ferroelec-
tric cube is poled until saturation (point A) and then subjected to
the compressive mechanical load. Fig. 26 shows the evolution ofFig. 27. Evolution of the stress in term of the strain during a compressive test on an
initially polarized ceramic.
Fig. 28. A ferroelectric plate subjected to a high electric loading.
Table 3
Material parameters of the ferroelectric plate.
Young’s modulus E (MPa) 104
Poisson’s ratio m 0.3
Coercive stress rc (MPa) 50
Saturation strain esat 2  103
Coercive ﬁeld Ec (GV/mm) 106
Saturation polarization Psat (pC/mm2) 0.3  106
d33 (mm/GV) 5.93  102
d31 (mm/GV) 2.74  102
d15 (mm/GV) 7.41  102
b (GV mm/pC) 2  1012
c (MPa) 5  104
Dielectric constant  (pC/GV mm) 1.5  1010
s 0.45
Fig. 29. Loading history of the ferroelectric plate.
Fig. 30. The X-direction electric ﬁeld distribution at maximum voltage (u =
 104 GV).
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three sets of increments. The compressive stress induces also a fer-
roelastic strain and a non linear response illustrated by Fig. 27.6.2.2. Poling process of a ferroelectric plate with a circular hole
The poling process of a ferroelectric plate with a circular hole is
studied in this example. The main objectives of this benchmark are
ﬁrst, the H8F formulation validation by studying a severe numeri-
cal example and second, to show the ability of the proposed ele-
ment to describe the inhomogeneous distributions of the electric
ﬁelds and stresses around the circular hole during and after poling.
This ferroelectric plate can be considered as a ferroelectric ceramic
having a fabrication defect leading to its crack due to stresses and
electric ﬁelds concentrations persisting after the poling process.A ferroelecric square plate with a side L = 50 mm and a thickness
h = 10mm, presenting a circular hole with diameter / = 10mm, is
subjected to a high electric potential as depicted in Fig. 28. Due
to the symmetry of the problem, only the half of the plate is
modeled with 2200 elements. The material parameters of the
ferroelectric plate are summarized in Table 3. While the face located
at X = 0 is grounded, the system is loaded by applying an electric
potential u to the face located at X = L = 50 mm, which is increased
up to u =  104 GV and then decreased to u = 0 (see Fig. 29). The
face located at X = 0 can not displace in the X-direction and its
center is clamped in order to avoid the rigid-body motion.
Fig. 30 shows the distribution of the X-direction electric ﬁeld EX
at maximum voltage (t = 0.5 s). As it is expected, one can observe
the high concentration of the electric ﬁeld around the circular hole
which reaches the maximum value of 105 GV/mm. This very high
value is ten times the coercive electric ﬁeld Ec. Fig. 31(a) and (b)
show EX values of nodes located at [CD], [EF] and [GH] segments,
deﬁned in Fig. 28 ([CD] and [GH] are chosen in the X-direction
while [EF] is in the Y-direction), at maximum voltage and when
the plate is electrically unloaded. At t = 0.5 s and near the hole, EX
is found to be around Ec for [CD] and [GH] segments and reaches
the maximum value of 105 GV/mm for [EF] segment (Fig. 31(a)).
When the plate is unloaded, a high electric ﬁeld of
6.5  106 GV/mm persists near the hole for the [EF] segment. This
high value (six times the coercive ﬁeld) can induce local switchings
of the remanent polarization and facilitates the ferroelectric plate
crack.
Fig. 31. The X-direction electric ﬁeld of nodes belonging to [CD], [EF] and [GH] segments: (a) maximum voltage, (b) after unloading.
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normalized ferroelectric polarization PeX=P
sat within the plate at
maximum voltage. Quantitatively, we depict in Fig. 33 PeX=P
sat
values of nodes located at [CD], [EF] and [GH] segments. One can
remark that the saturation polarization is reached along the [EF]
segment. Nevertheless, PeX is found to be negligible near the circu-
lar hole for [CD] and [GH] segments as EX is around Ec in this region
(Fig. 31(a)).
Fig. 34 (a) and (b) show the Von Mises equivalent stress values
of nodes located at [CD], [EF] and [GH] segments at maximum volt-
age and when the plate is unloaded. As it is expected, we observe a
high concentration of the equivalent stress near the circular hole
which reaches the maximum value of 15 MPa at t = 0.5 s. Afterunloading, a residual equivalent stress of about 11 MPa persists
in [CD] and [GH] segments which is a high value.
Finally, we depict in Fig. 35 the inhomogeneous electric poten-
tial distribution within the ferroelectric plate at the end of the elec-
tric loading. Around the circular hole, a butterﬂy-like form is
observed. In this case, electric potentials of about 8.5 kV and
8.5 kV are observed around the hole which are considered as very
high residual values.
6.2.3. Poling process of a ferroelectric tube
This example has been proposed in Laskewitz et al. (2006)
where the ﬁnite element method has been used to simulate the
poling process of ferroelectric tubes (in the radial direction) and
Fig. 32. The X-direction normalized ferroelectric polarization distribution at
maximum voltage (u =  104 GV).
Fig. 33. The X-direction normalized ferroelectric polarization of nodes belonging to
[CD], [EF] and [GH] segments at maximum voltage (u =  104 GV).
Fig. 34. The Von Mises equivalent stress of nodes belonging to [CD], [EF] and [GH]
segments: (a) maximum voltage, (b) after unloading.
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stresses during and after poling. It has been shown also that the
borders of these tubes tend to warp inwardly during the poling
process. These behaviors will be discussed in the following and
some obtained results will be compared to those given in Laskewitz
et al. (2006).
A ferroelectric hollow cylinder of soft PZT is considered in the
following (length L = 13 mm, internal radius Rint = 8.75 mm, exter-
nal radius Rext = 10.25 mm and thickness h = 1.5 mm). The symme-
try of the problem allows the analysis of the eighth of the tube as
depicted in Fig. 36(a). The load history of the external surface is
shown in Fig. 36(b). A ﬁne mesh constituted of 18 elements along
the circumferential direction, 20 elements along the axial direction
and 12 elements across the thickness is considered. The material
parameters of the ferroelectric tube are those of the soft PZT con-
sidered in Laskewitz et al. (2006) (see Table 4).
Fig. 37 shows the electric potential distribution across the thick-
ness at maximum voltage (t = 0.5 s) and when the tube is electri-
cally unloaded (t = 1 s). Qualitatively, the H8F results agree with
those obtained in Laskewitz et al. (2006) as a non linear variation
of the electric potential across the thickness is observed. Thisnon linear variation induces an inhomogeneous radial electric ﬁeld
distribution inside the tube as illustrated by Fig. 38. When the fer-
roelectric tube is unloaded, there remains a non-vanishing electric
potential distribution inside the wall. In this case, the maximum
voltage is found to be nearly 0.38 kV which is quite high as ex-
plained in Laskewitz et al. (2006). Because of this non linear varia-
tion after unloading, a radial electric ﬁeld inside the tube remains.
In this case, the electric ﬁeld is found to be approximately equal to
Ec at the inner surface and near 0.7 kV/mm for the part that is
close to the outer surface.
Fig. 39 shows the axial displacement (along Z) of the tube free
end across the thickness. It can be seen that the axial displacement
of the inner surface is larger (in module) compared to the outer
surface as reported in Laskewitz et al. (2006). In fact, almost a lin-
ear variation of the axial displacement across the thickness is seen
during and after the poling process. This axial displacement gradi-
ent can be explained by the fact that the radial electric ﬁeld applied
on the internal surface is larger (in module) than the one applied
Fig. 35. Electric potential distribution after unloading.
Table 4
Material parameters of the ferroelectric tube.
Young’s modulus E (MPa) 6  104
Poisson’s ratio m 0.396
Coercive stress rc (MPa) 50
Saturation strain esat 2  103
Coercive ﬁeld Ec (GV/mm) 106
Saturation polarization Psat (pC/mm2) 0.29  106
d33 (mm/GV) 4.5  102
d31 (mm/GV) 2.1  102
d15 (mm/GV) 5.8  102
b (GV mm/pC) 1012
c (MPa) 5.5  104
Dielectric constant  (pC/GV mm) 2  1010
Fig. 37. Electric potential versus wall thickness at maximum voltage (t = 0.5 s) and
electrically unloaded state (t = 1 s).
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free border of the tube tends to warp inwardly during and after
the poling process. This is conﬁrmed by the axial strain distribution
when the tube is unloaded shown in Fig. 40. In this case, the inner
surface undergoes an axial deformation of about 1.13  103
while an axial strain of about 7.9  104 remains in the outer
surface of the tube’s free end.
In Fig. 41, the normalized radial ferroelectric polarization
(Per=P
sat) is plotted versus the radial position across the thickness
which agree with the results found in Laskewitz et al. (2006). At
maximum voltage (t = 0.5 s), the saturation polarization is almost
reached everywhere in the tube. Because the saturation of the rem-
anent polarization is controlled by the exponential function of Eq.
(29), only 99.6% of Psat is reached here. When the tube is unloaded,
the ferroelectric polarization decreases in the region close to the
external surface as the radial electric ﬁeld becomes near Ec
(0.7 kV/mm) causing this slight depolarization.
6.2.4. Mechanical depolarization of a poled ferroelectric beam
(ferroelastic benchmark)
In this example, we consider a cantilevered ferroelectric beam
initially poled along the longitudinal direction (PrX ¼ Psat) andFig. 36. (a) A ferroelectric tube subjected to high electric loading (only the FEMsubjected to a concentrated mechanical load along the Z-direction
(Fig. 42). The main objective of this benchmark is to verify that the
developed element is able to detect the mechanical depolarization-modeled part is shown). (b) The loading history of the external surface.
Fig. 38. Radial electric ﬁeld versus wall thickness at maximum voltage (t = 0.5 s)
and electrically unloaded state (t = 1 s).
Fig. 39. Axial displacement (along Z) of the tube end versus wall thickness.
Fig. 40. Axial strain distribution inside the tube at the end of the electric load.
Fig. 41. Normalized radial ferroelectric polarization versus wall thickness.
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that appear near the clamped face as shown in Fig. 43. The dimensions
of this beam are: length (L) of 10 mm, wall thickness (h) of 2 mm
and width (b) of 2 mm as depicted in Fig. 42. The material param-
eters of the ferroelectric beam are those of Table 3. While the faces
located at X = 0 and X = L are grounded, the system is loaded by a
transverse load F = 16 N subjected to the tip of the cantilevered
beam. This ferroelectric beam is modeled with 5000 H8F elements
(50  10  10 elements).
We depict in Fig. 44 the normalized longitudinal remanent
polarization (PrX=P
sat) inhomogeneous distribution when the sys-
tem is loaded by F = 16 N. One can observe the remanent polariza-
tion amplitude decrease of the upper region close to the clampedface. This mechanical depolarization is directly related to the high
compression stress near the clamped face caused by the transverse
load as depicted in Fig. 43. When reaching the coercive value, this
compression stress leads to the ferroelastic domain switching and
consequently decreases the number of domains having a polarisa-
tion parallel to P0. For the lower region close to the clamped face of
the beam, a high tensile stress appears but it does not contribute to
the mechanical depolarization of the system. Figs. 45 and 46 show
the X-direction normal stress and normalized remanent polariza-
tion values of nodes belonging to [AB] segment deﬁned in Fig. 42,
respectively. Near the clamped face, we remark that only 82% of
the initial remanent polarization remains which considerably af-
fect the material properties of the ferroelectric beam. For the re-
gion far from the clamped face, there is no mechanical
depolarization because the compression stress remains under the
coercive stress as depicted in Fig. 45.
Fig. 42. An initially poled ferroelectric beam subjected to a bending mechanical load.
Fig. 43. The X-direction normal stress inhomogeneous distribution when the ferroelectric beam is subjected to F = 16 N.
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In this paper, an isoparametric 3D electromechanical curvilinear
8-noded ﬁnite element (FE) was proposed for the analysis of linear
piezoelectric and non linear ferroelectric and ferroelastic struc-
tures. Its formulation is based on curvilinear strains and electric
ﬁelds, and a phenomenological ferroelectric and ferroelastic model
based on the work of Elhadrouz et al. (2005). The curvilinear for-
mulation is considered to handle the ferroelectric and ferroelastic
behaviors transverse isotropy especially when curved piezoelectric
structures are studied. The non linear model presents two internal
variables and two loading surfaces were deﬁned to indicate the on-
sets of domain switchings and provide the internal variables evolu-
tion laws considering the normality rules. A new description of the
mechanical depolarization, generally observed in poled ceramics
subjected to high compressive stress, was proposed. The return-
mapping algorithm was adopted to integrate implicitly this non
linear model.Two linear piezoelectric benchmarks (the piezoelectric semi-
cylinder and the piezoelectric helical actuator) were studied to
validate the electromechanical coupling representation of the pro-
posed element. It was shown that the developed element gave
results very close to those of Abaqus element C3D8E for the
semi-cylinder benchmark. The piezoelectric helical actuator exam-
ple showed the advantage of developing the curvilinear formula-
tion of H8F to study problems with highly curved geometry
where the description of local cylindrical or spherical coordinate
systems is not trivial.
Two non linear ferroelectric and one ferroelastic benchmarks
were considered to validate the combination of the non linear
model with the developed element. The latter was able to describe
the high concentrations of electric ﬁelds and stresses around the
ferroelectric plate circular hole driven by a high electric load. For
the ferroelectric tube benchmark, the developed element results
were shown to qualitatively agree with those reported in Laskewitz
et al. (2006). For the ferroelastic benchmark, the proposed element
Fig. 44. The X-direction normalized remanent polarization inhomogeneous distri-
bution when the ferroelectric beam is subjected to F = 16 N.
Fig. 45. The X-direction normal stress of nodes belonging to [AB] segment.
Fig. 46. The X-direction normalized remanent polarization of nodes belonging to
[AB] segment.
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poled ferroelectric beam caused by the transverse mechanical load.
When thin ferroelectric and ferroelastic structures are to be
analyzed, a reﬁned enough mesh of H8F is needed to obtain
reliable results which consequently considerably increase the
computing cost. This is the reason why a new 8-noded
electromechanical element based on the space ﬁber rotation
(SFR) concept of Ayad (2003) is under development. In fact, the
mechanical benchmarks have shown that the hexahedral element
based of this concept can be reliably used to simulate thin struc-
tures with a reasonable computing cost. Concerning the constitu-
tive ferroelectric and ferroelastic law, some effects related to the
grain size and orientation inherent to thin ferroelectric ﬁlms could
be considered also.References
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